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Numerical model for the study of hydrodynamics 
on bays and estuaries 
P. Tabuenca and J. Cardona 
A. Samartin 
A nonlinear implicit finite element model for the solution of two-dimensional (2-D) shallow water 
equations, based on a Galerkin formulation of the 2-D estuaries hydrodynamic equations, has been 
developed. Spatial discretization has been achieved by the use of isoparametric. Lagrangian elements. 
To obtain the different element matrices , Simpson numerical integration has been applied. For time 
integration of the model. several schemes in finite differences have been used: the Cranck-Nicholson 
iterative method supplies a superior accuracy and allows us to work with the greatest time step t.t ; 
however, central differences time inteKration produces a greater velocity of calculation. The model 
has been tested with different examples to check its accuracy and advantages in relation to computation 
and handling of matrices. Finally . an application to the Bay of Santander is also presented. 
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Introduction 
The main purpose of this paper is the prediction of 
field of velocities and tide movements, which are es-
sential factors for shipping, fishing, and coast protec-
tion. The research of suitable solutions to tide prop-
agation and flowing problems has experienced a great 
advance with the arrival of the computer. Numerical 
methods development permits the formulation of dif-
ferent efficient hydrodynamic models to compute every 
tide phenomenon with precision and to handle a great 
amount of information. One of the advantages of nu-
merical modelling is the quantitative description of 
flowing to a greater number of points in space and time. 
Water volume is a physical system submitted to dif-
ferent external actions (such as gravity, wind, and Cor-
iolis effect) verifying the general laws of fluid me-
chanics. The answer to the system is the evolution of 
field of velocities and elevation of the water level. This 
answer is obtained from the solution of momentum and 
continuity equations: 
iJp d'T;k b D(pvk) 
-- + - + p ~ = ---
axk dX; DT ( I) 
iJ(pv;) + ap = 0 i , k = 1, 2,3 
iJx; iJt 
Different methods have been formulated for the nu-
merical solution of shallow water equations, the greater 
part based on the finite differences method . This gives 
advantages from the point of view of computational 
efficiency , but some difficulties appear, such as limited 
flexibility of the mesh and poor satisfaction of the bor-
der conditions. 
The finite element method (F. E.) allows us to work 
with variable intervals and no orthogonal meshes, which 
gives a suitable agreement to the topography. How-
ever, a great computational effort is required. The wide 
ribbon of the computational mesh is one of the most 
important factors increasing the cost of a F. E. model , 
while finite difference methods are independent of the 
model magnitude . It is possible to overcome this dif-
ficulty using procedures such as the one described in 
this paper. 
Shallow water equations 
The governing equations for homogenous and incom-
pressible fluids are1 
iJV; = 0 
iJX; 
av; + iJ(v1vj) = b. _ ! iJp + ! iJ'Tu 
iJt iJXj I pax; p axj 
For Newtonian fluids the following 
tween strains and deformations exist: 
'Tij = 2JLEij = { JL (::~ + :~) i ~ j 
2 iJv, JL- i = j 
iJXj 
(2) 
relations be-
(3) 
These relations allow us to express the stresses 'Tu 
as a function of velocity, obtaining in this way the 
Navier-Stokes equations, 
iJv1 + iJ(v1v) = b, _ ! iJp + !!: a2 v; (4) 
iJt iJxj p iJx1 p iJx] 
Boundary conditions are (Figure I) 
overs. 
iJv, 
- p + 'T,, = - p + 2~-t- = u, 
iJn 
( iJv, iJv~) -r,s = JL as + an = Us 
(5) 
(6) 
S 1 is the surface on which the velocities are speci-
fied . Ifs. is a physical border, such as a wall, then the 
two velocity components are zero. 
S2 is the surface where forces acting over the border 
are specified ; i.e., on a free surface they are pressure 
and friction of the wind. 
The solution of equations (2), together with the cor-
responding boundary conditions, represents a difficult 
task. U suaUy. it is necessary to simplify these equa-
tions and to transform them into shallow water equa-
tions . 
n 
Figure 1. Boundary conditions 
For the shallow water case, vertical acceleration and 
strain terms are negligible except for the pressure and 
gravity terms. So the existing pressure is the atmo-
spheric pressure, i.e., 
P = pg((- z) + p,. (7) 
Averaging continuity and momentum equations 
through the sea depth. the equations for hydrodynam-
ics of the estuaries are obtained: 
iJH + iJ(HU) + iJ(HV) = O 
iJt iJx iJy 
(8) 
iJU iJU iJU iJ~ 
-+ U-+ V- - fV +g-
iJt ax ay iJx 
KW2 gUV,....U"""2=-+-V"""2 
- --cos'}! + = 0 (9) 
H H C2 
av av av a~ 
-+V-+ V-+fU+ g-
iJ t iJx i1y ax 
,....---
KW2 gVYU 2 + V2 
- --sin 'I'+ = 0 
H H C 2 
(10) 
where f is the Coriolis parameter, K is a dimensionless 
coefficient function of the wind veloci ty W, C is the 
Chezy coefficient, and 'I' is the angle between the wind 
velocity vector and the X-axis. The remaining param-
eters are defined in Figure 2. 
In order to obtain the values of H. U , and V from 
equations (8)-(10), boundary and initial conditions must 
be considered. One of the common difficulties in this 
class of two-dimensional (2-D) hydrodynamic models 
is the treatment of boundary conditions at both open 
and shoreline boundaries . The first type corresponds 
to open boundaries, for example, river delta or open 
sea. The second one is related to the fixed boundaries. 
for example, the coastline . 
In the first case the normal velocity v,, the water 
surface elevation (, or both can be specified as long 
as the system is not overconstrained. For fixed boun-
daries the normal flow throughout the coastline is zero 
(v, = 0). The initial conditions are assumed to be known. 
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Figure 2. Cross section of an estuary 
Finite element model 
In the finite element model (FEM), each variable is 
expanded in terms of a discrete set of functions 
<1>1(x , y) and nodal values U1(t) , Vi (t) , {1(t), as follows: 
N 
U = ~ U;-(t) · <1>;-(x,y) 
i = I 
N 
V=~ V1(t) · <1>1(x,y) (11) 
N { = ~ (1(t) · <t>1(x,y) 
j = l 
The rest of the parameters are expanded using the 
same basic functions <1>1. These functions are assumed 
to be polynomial 2-D, and they are selected verifying 
I. interelement continuity ; 
2. <l>;(x1) = 81J (with 8iJ the Kronecker delta); and 
3. <1>1 ¥ 0 only over the union of elements containing 
i node. 
Substitution of (11) into (8)-(10) and application of 
the Galerkin method give the following set of equa-
tions: 
MiJ(J = E~. 
MiJiJ1 = Eu, 
M ··V. = Ev V J I 
where 
(12) 
£ ,; = - <?1 + h1) · K xlkJ • V1 - u" · K .<IIJ · ({i + h)- ({;+ h)· k.-u~ · v~ - v~ · K_,.1~1 · (?1 + h) 
with 
Eu = - U, · K 1,., . U1 - V,· K , . . U -+ f, ·C.-, · V- - <> · D .. · r . + £ .. · K · W12. cos'¥ - ..L. R1• ·V· (13) ' ' .. "' ~ -"'·' J ' U• .I l> -• U !>J u j J C2 u J 
MiJ = f <1>1· <l>1 · dA 
A 
f a<t>~ k .. , = <l>· · <1>1 ·- · dA -<U• I iJX 
A 
cii~ = J <1>, · <1>1 · <t>~ · dA 
A 
D " = <f>. • - 1 · dA f a<t>-.tlj I ax 
A 
J i.l<l> · D,.ii = <I>;· a/ · dA 
A 
(14) 
equations is nonlinear, because the coefficients Ru and 
£ iJ depend on the unknowns{, V. and V. The remaining 
coefficients are a function only of the geometry ele-
ment. Then the problem to deal with is integrating, in 
the time domain for the nodal values, the system of 
coupled equations (12). In thi s respect , besides equa-
tions (I 2), initial conditions must be given , and con-
straints along the boundary must also be specified . 
The spatial discretization has been carried out by 
quadratic Lagrangian elements. These elements are 
obtained from isoparametric transfonnation from square 
" parent" elements, as is shown in Figure 3. In this 
way their curved borders a llow us to adapt the finite 
element mesh to the domain considered. The isopar-
ametric transfonnation allows us to simplify matrix 
calculation because it is made over the element A with 
right sides on the g, 11 plane . For spatial integration 
the Simpson integration formula for nine points is ap-
plied.2 In this way, integration points coincide with 
X, Y PLANE ( , '7 PL ANE 
The set (12) of simultaneous first-order differential Figure 3. Quadratic element transformation 
interpolation nodes , and set ( 12) becomes 
M,{,=£,, 
with 
M·V· = Eu I I , ( 15) 
(16) 
Ev, = - k .t iA • U; . VA - kv;A[ VI· VA + g(d - C;. f, . u, + £;. K;. W7 . sin 'l'; - ~2. R;. v, 
For the integration in time, two alternative proce-
dures have been used : 
Cranck-Nicholson procedure.3 The time derivatives are 
approximated by the trapezoidal formula. obtaining the 
solution by the expressions 
6.1 
( 1(1 + 6.1) = {1(1) + 2M,r E,,(r) + £ ,,(1 + 6.1)] 
6.1 
U,(r + 6.1) = U;(1) + 
2
M . [Eu1(1) + £ 11,(1 + 6.r)] 
I 
6./ 
V,(t + 6.1) = V1(1) + 
2
M, [ E v,(1) + Ev,(t + 6.1)1 
(17) 
Given{;, U,, V; at time 1. the solution at 1 + 6.1 is 
obtained iterativel y. 
Central differences procedure.4 In this case. solutions 
are approximated as follows: 
26./ 
{;(1 + 6.1) = {;(1 - 6.1) + M, · £~1) 
26.1 
U 1(1 + 6.1) = U ;(l- 6.1) + M · · Eu(l) (18) 
I 
26.1 
V1(t + 6.1) = V1(1 - 6.t) + - · E v(l) M; 
In the two above step-by-step procedures the initial 
conditions are used as starting values. 
Interval 6.1 is limited by the Courant condition , 
6.L 
6.1 S.--Viii ( 19) 
where 6.L is the characteristic length of the element. 
The iterative procedure gives more accurate results 
than the central differences procedure; however, it de-
mands more CPU time. because it must be iterated at 
each time step 6.1 for obtaining the solution. For the 
iterative procedure the solution must be known at times 
1 + 6.1 and 1. 
By using either of the two procedures the set of 
differential equations is transformed into the following 
set of equations: 
( 1(1 + M) = R,, 
U1(t + 6.1) = R u, 
V1(t + 6.t) = R v, 
(20) 
where Re" R u;, and R v; are the right-hand members of 
(17) or (18). 
In order to solve (15) it is necessary to consider the 
boundary conditions. Then the specified values of {, 
U , and V must be introduced into the analysis at each 
time interval along the border. At i nodes with normal 
velocity V,, imposed , U; a nd V, are approximated as 
follows:~ 
U,(1 + 6. I) = sin2 8; · R 11; 
-sin 81 ·cos 81 • R w + cos 0, · V,; 
V1(r + 6.1) = -cos 8; ·sin 8, · R u; 
- cos2 81 • R v, + sin 8, · V,, 
(21 ) 
where 81 is the made angle between the X-axis and the 
normal direction that allow us to perform calculation 
in a direct way. 
Numerical tests 
First, in order to test the model , it has been applied to 
three simple cases. Cases I and 2 have been solved 
previously by several authors using different methods ; 
case 3 has a closed form solution. In this way the 
efficiency and degree of accuracy of the numerical 
method used can be checked. 
Case I. Rectangular lake. This corresponds to the study 
of the circulation in a large rectangular lake with di-
mensions 125.000 x 31 ,250 m and h = 80 m depth. 
Tides are not considered, and the circulation is due to 
the wind only, with posterior influence of the Coriolis 
effect. This problem has been solved by another 
method.6 The comparison between results obtained by 
both methods are shown in Table I. The data are eolic 
coefficient K = I. wind velocity W = 10 m/s at axis 
X direction, Coriolis factor f = 10 s - •. and Chezy 
coefficient C = 10 m 112/s. At the border, V, has been 
imposed . The FEM mesh used to find the numerical 
solution is also shown in Figure 4 . It is composed of 
five elements and 33 nodes. The time interval used is 
Table 1. Comparison of resu lts 
t (sg) 
1,000 
2,000 
3,000 
4,000 
5,000 
6,000 
7,000 
8,000 
9,000 
10,000 
1-"- 0 
T 0 
E.F. velocity (m) 
+ 1,0650 X 10 - 3 
+1,0910 X 10 - 3 
+ 1,1610 X 10 - 3 
+0,6900 X 10 3 
0,7248 X 10 - 3 
- 1,2310 X 10 - 3 
- 1,0800 X 10 - 3 
- 0,9825 X 10 - 3 
+ 2,7450 X 10 3 
+ 1,1440 X 10 - 3 
0 
...... 0 
0 
"n • o 
t:nooo • 
Calculated velocity3 (m ) 
+ 1,0645 X 10- 3 
+ 1,1613 X 10 - 3 
+ 1,0645 X 10 - 3 
not calculated 
not calculated 
- 1,1 129 X 10 - 3 
- 1,1613 X 10- 3 
not calculated 
not calculated 
+ 1,0645 X 10 - 3 
0 0 
... ... . 0 
Figure 4. Rectangular lake. Finite element mesh 
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Figure 5. Rectangular lake. U(x) at t = 6000 s 
X (Km) 
6.1 = lOO s. Figures 5 and 6 show the graphic repre-
sentations of U as a function of x at the instant t = 
6000 s and U as a function oft for x = 62,500 m, 
respectively. Finally, Figure 7 gives the contour lines 
where the Coriolis effect is evident. 
Case 2. Rectangular bay. This is a rectangular bay shown 
in Figure 8 with dimensions 36,000 x 55,000 m and 
36 m depth. The bay entrance is located at the west of 
the northern border, and its length is 18,000 m. The 
U m/ :s 
1l t • 100 aeg. 
X - 6 25 0 0 ID. 
N .E. • 5 
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0 e 
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Figure 6. Rectangular lake. U(t) at x = 62,500 m 
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Figure 7. Rectangular lake. Contour lines (mm ) at t = 5000 s 
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Figure 8. Rectangular bay. E.F. mesh 
1-
1--
1--
1- vn = 0 550lo m 
1--
1--
1-
1--
1-
1-
1-
finite element mesh used has 54 elements and 247 nodes. 
Tide amplitude is 2 m, period T = 12.4 hr, the Chezy 
coefficient C = 10 m112/s , and !:l.t = 20 s. This prob-
lem has been solved7 and comparison with the obtained 
results shows the validity of this method in 2-D. 
' 
' \ 
\ \ \ 
Rgure 9. Rectangular bay. Field of velocities at t = 20,000 s 
The results for the velocity field are shown in Fig-
ures 9 and 10 at 1 = 20,000 s and 1 = 40,000 s, re-
spectively. 
Case 3. Closed rectangular channel. Water elevation 
and evolution of the velocity field have been obtained 
for the channel in Figure JJ with h = 9.81 m depth. 
There is no wind , and the Coriolis effect is neglected. 
Initial conditions are null, and period T = 2'7T s. The 
solution obtained for {and U as a function of x at 1 = 
4.7112 s with interval tJ.1 = 0.3926 s , without friction 
on the bottom, is shown in Figures 12 and / 3 and 
compared with the analytical solution {, u = 1.0 sin 
(1 - x/9.81). Only the interval corresponding to the 
progressive wave has been considered, and the dis-
cordance between the transitory F.E. solution and the 
stationary analytical solution at points with x > 40 m 
is due to the fact that these points are not reached by 
the wave at this time. The experimentation with tJ.1 
lower or a larger number of elements has not affected 
the results obtained. In the same way this problem has 
been solved for long waves with T = 20'7T s. Without 
friction (C = 10 -lo m112 s - 1), unstable solutions had 
been observed. Increasing the friction term causes in-
' ' 
\ 
\ 
' 
Figure 10. Rectangular bay. Velocit ies field at t = 40,000 s 
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Figure 11. Closed rectangular channel 
stability to disappear. For C = I m 112 s - I the solution 
is shown in Figure /4 beside the analytical solution 
without friction. It has been verified that the F.E. so-
lution tends toward the stationary solution for growing 
Chezy coefficients . 
Application to the Bay of Santander 
The model has been applied to the Bay of Santander 
(Spain). The geometry of this bay is shown in Figure 
15, and the data for different sea depths has been ob-
tained from Junta del Puerto (Harbour Authorities) 
charts. The FEM mesh used in this study is composed 
of 77 elements and 355 nodes. In this problem the 
§ (ml 
fl t - . 3926 • 
t • ~ . 7U2 e 
N. E. • !I 
1.0 
+-----\G"-L_I!I____ X (m) 
30 60 
Agure 12. Closed rectangular channel. { (x) at r = 4.7112 s 
U m/:; 
1.01 
f>. t - .3926 • 
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a 
1---J----t,---\·--a- e----- 11 m 
30 60 
Agure 13. Closed rectangular channel. U(x) at r = 4.7112 s 
following additional data have been used: eolic coef-
ficient K = 10 - s, wind velocity W = 3.0 m/sat 'I' = 
7T/4, Chezy coefficient C = 5.0 m 112/s, and Coriolis 
factor f = 0. The imposed boundary conditions are: 
I. north border nodes level : 
' = - 2.0 cos (27T/44640)t 
2. south nodes: v = 0 
3. land border: Vx = 0 
Some illustrat ive results are given in Figures 16 and 
)Cml 
+L2 
- L.2 
Agure 14. Closed rectangular channel. Long waves. {(t) at x = 
12 m. C = 1 m 112/s 
Latitude: 43 • 28" N 
Longitude: )• 47 · w 
Agure 15. Santander Bay. Finite element mesh 
17, where the velocity field at t = 20,000 s (flood tide) 
and at t = 30,000 s (ebb tide) are shown. 
It has been observed that for Chezy coefficients 
C ~ 20 m112/s the model becomes unstable. However, 
it is possible to overcome this difficulty , starting the 
model with low coefficients and changing later with 
the above coefficient. 
Conclusions 
In the application of the model just described the fol-
lowing conclusions have been reached: 
Latitude: 4 3• 28 ' N 
Lonqitude: 1• 47 ' w 
N 
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Figure 16. Santander Bay. Field of velocities at t = 20,000 s 
The Simpson spatial integration scheme used sim-
plifies the construction of the global array of equations 
and reduces the computation of the element matrix to 
a formula of a point. 
The application of the model to problems with a 
great number of nodes or small time step (Llt << T) 
demands the use of high-speed compute rs . 
This model is comparable to finite differences meth-
ods from the point of view of computational efficiency. 
Several parameters (friction terms , eolic coeffic ient, 
etc.) are of vital importance in the stability and ac-
curacy of the model. It is necessary to include di ssi-
pative nonlinear terms, because their e limination may 
produce unstable solutions. 
Solutions on the southern side of the Bay of San-
tander are improved when the computer runs several 
tide cycles. 
La titude : 43• 28 ' N 
Lon9i t ude: 3• 47 ' W 
N 
o._ ____ ~2 Km 
Figure 17. Santander Bay. Field of velocities at t = 30,000 s 
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